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Abstract

Internal fluid flow behavior for slow moving small droplets in contact with hydrophobic surfaces
is analyzed. The shape of the droplet is first computed using the Young-Laplace equation. For
this purpose a Finite Element (FE) model [1], in which contact constraints are enforced through
Penalty and Augmented Lagrange Multiplier methods, is used. The flow field within the droplet
is then analyzed using the Stokes flow model, considering a de-coupled approach. Similar to
the membrane deformation model, the formulation for the flow analysis is also expressed in the
framework of FE analysis. Both, stabilized (Pressure Stabilizing/Petrov-Galerkin PSPG) and
Galerkin FE formulations are considered. The motion of the fluid inside the droplet is governed
by the slip condition enforced on the membrane of the droplet. Numerical examples for droplets
rolling steadily are presented.

1 Introduction

Self-cleaning phenomena involves complex interaction of liquid droplets with hydrophobic sur-
faces and pollutant particles. Evaluation of such behavior and its successful imitation from
nature requires careful examination of the phenomenon from the perspective of structural de-
formation and fluid dynamics. The physical mechanisms involved here include internal flow
within the droplet, mechanics of the droplet membrane, and contact between the droplet and
the substrate surface. An effective strategy to model this behavior would require analyzing all
these mechanisms in a coupled manner. However, as a precursor to such a model, we present
here a de-coupled approach where the deformed shape of the droplet is first computed, which
then defines the domain for the fluid model. Such an approach has the potential to be applied
to the case of quasi-static droplets in contact with substrate surface.

2 Governing Equations

2.1 Droplet membrane

The droplet membrane is modeled using the Young-Laplace equation,

2Hγ = 4p, (1)
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where 2H = −∇S ·n is the mean curvature of the membrane, defined as the surface divergence
of the surface normal vector n [2], while γ is the surface tension of the fluid. For the quasi-static
case, the pressure difference across the surface interface 4p is defined as

4p = p− pc, p = p0 − ρgy (2)

where p is the internal fluid pressure acting on the membrane comprising the capillary pressure
p0, and the hydrostatic pressure ρgy, while pc is the outside contact pressure acting on the
contact surface. p0 is obtained from the incompressibility constraint,

gv = J − 1 = 0, (3)

where J :=detF is the determinant of the deformation gradient F, which governs the local
volume change of the fluid.
The contact pressure between the membrane and the substrate surface is obtained from the
impenetrability constraint,

gn = (xs − xp) · np ≥ 0, (4)

where gn denotes the normal gap between the two surfaces. xp is the projection of the membrane
point xs onto the substrate surface Γm in the direction np normal to Γm. The contact line
constraint gL is defined by the force balance from the Young-Dupré equation,

gL = γ cos θc − γSG + γSL = 0 (5)

where θc is the contact angle, γSG and γSL denote the surface tension at the solid-gas and
solid-liquid interface, respectively.

2.2 Flow Model

We consider slow moving, small water droplets where the inertial effects can be neglected and
the bulk fluid behavior can be assumed to be governed by the Stokes flow model. For a domain
B ⊂ Rnsd , with boundary ∂B = ∂vB∪∂tB, where ∂vB represents the Dirichlet boundary, and ∂tB
denotes the Neumann boundary, and ∂vB ∩ ∂tB = ∅, the Stokes flow model gives the following
momentum balance,

div[σ] + ρb = 0, (6)

where b represents the body forces acting on B, and σ denotes the Cauchy stress tensor. For
Newtonian fluids, σ is given by the following constitutive law,

σ = pI + 2µd(v), (7)

where v denotes velocity, and d(v) = 1
2(∇v + ∇vT ) is the symmetric part of the velocity

gradient tensor. The incompressibilty constraint is imposed in a manner similar to equation
(3). The model is closed by the following boundary conditions for the velocity and the stress
field,

v = v ∀ xs ∈ ∂vB, (8)

σn = t ∀ xs ∈ ∂tB, (9)

where v is the imposed velocity and t is the imposed traction on ∂B.
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3 Results

The model described in the previous section is solved in a de-coupled manner. Equilibrium
configuration of the droplet was first computed based on an initial volume, imposed contact
angle and surface roughness parameters. For this purpose, a Finite Element (FE) formulation
for droplet contact model developed in [1] is used. The penalty method [3] is used to enforce
the constraints in equations (4) and (5). The obtained configuration then describes the spatial
domain for the flow model. For the case of a steady rolling droplet, velocity constraints and
traction forces are applied as flow boundary conditions. This requires prescription of velocities
in the convective coordinate system, which is done using mass consistent normals [4]. For the
case of a rolling droplet, the velocity at any point xs on the membrane is prescribed as a
summation of the rotational (tangential velocity) vt and the translational velocity voe1,

v(xs) = vt − voe1 ∀ xs ∈ ∂vB (10)

where vt = voa. The Stokes flow model is solved in the framework of FE Analysis using
Q2/Q1 Taylor-Hood elements. Results for the case of a droplet with volume V = 1.1πmm3 and
θc = 155◦ rolling on a flat surface are shown in Fig.1.
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Figures

Figure 1: Rolling droplet: Equilibrium configuration of the droplet (left); Velocity vector field
from Stokes model (right)
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